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Divide and Conquer

Part V:
Fast Polynomial Multiplication 2
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Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at ®3,,, W3,,, ..., 5% ' using FFT in time O(nlogn)

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication in time O(n)

2n point-value pairs (w’fn,p(wlfn)q(wé‘n))

l Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation
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Convert point-value representation into coefficient representation

Input: (xo, Yo), -, (Xn—1, Yn—1) With x; # x; for i # j

Output:

Degree-(n — 1) polynomial with coefficients a, ..., a,,_1 such that

p(xo)
p(x1)

p(xn_1)

+ a,xé
+ a,x?

Ao + a1Xyp
aog + aA1Xq

2 n—-1 __
Ao + A1 Xp_1 T AxXp_q T T An_1Xp_1 = Yn-1

oot @y XD

+ ot Qg X

- linear system of equations for ay, ..., a,_1
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Interpolation
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Matrix Notation:

n-—1
/1 xo xO \ aO yO
1 x| e\
\1 X1 x,’,}jll/ An—1 Yn-1

* System of equations solvable iff x; # X; forall i # j
Special Case x; = w':
1 1 1 1 a
0 Yo
/1 Wn wy, wy \ / aq \ / Y1 \
1 oo a2 —_

Y2
\1 w;}—l wi(n_l) . wgn—l)(n—l)/ \an—1/ \yn_l/

Algorithm Theory Fabian Kuhn

4



Interpolation
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* Linear system:
W-a=y = a=W1l.y

3 Ao Yo
l . .
Wi’j u— a)ril, a — . ) y — .
An-1 Yn-1

_1 .
Wi,j -_— =

Claim:

Proof: Need to show that W ~1W =1,
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DFT Matrix Inverse
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—q —(n—-1
/1 Wy wn(n )

Ww=|n n n

\

\

/

W=tw),; = zw"

e We need to show that
— (W_1W)i’j = 1fori =j
— (W_1W)i’j = 0 fori =/:j

Algorithm Theory Fabian Kuhn

Y




DFT Matrix Inverse
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”_1wf(f—i)
W=tw),;; = Z L
n
£=0
1 ifi=j
-1 —
Need to show (W™W); ; {O ifi % f

Caseli = j:

n—1  p@-i)

W n_lwo 1
W=W);; = E = E —=n.—
’ n n n

£=0 £=0
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DFT Matrix Inverse
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— P
W=tw),;; = Z L
n
£=0
1 ifi=]j
Need to show (W™W); ; {0 ifi % f

Casel + j:

— ,tU-D n-
('UTL

1
1 AN
1), . = —_ . J-i)"
W=IW), E - - E(‘“n )
£=0 £=0

—1

. . S Y 1 - C[n
Geometric series: 2 q" =

=0 1—gq
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Inverse DFT
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 Wegeta =W™1.vyandtherefore

) Yo
—k —-(n—-1)k
Ay = <1 (,()_ “n ) . y;l
n n n )
Yn-1
n-1
1
n w"
j=0
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DFT and Inverse DFT
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Inverse DFT:

SIH

g

* Define polynomial q(x) = yy + yix + -+ y,,_1X

_ 1 —k
ax =~ q(wz")
DFT:

 Polynomial p(x) = ag + ayx + -+ a,_1x" L

Vi = p(wy)
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DFT and Inverse DFT
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q(x) =yo+y1x+ -+ yp_x™ Ay == q(a)n )

e Therefore:
(ag, Ay, ..., p_q1)

(CI(a)nO) g(w:D), g(w:?), .. ,C[( —(n- 1)))
(a

:IH :IH

(0d), q(@l™ 1), q(wi™2), ..., q(w}))

 Recall:
DFT,(¥) = (q(0Y), g(w}), q(wd), ..., q(wp™1))

= n- (aO' Ap—-1,An-2, -+, Ay, al)
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DFT and Inverse DFT
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* We have DFT,,(y) =n - (ag, ay—1, ayy—3, ..., 02, a1):

(1

. (DFT,,(y¥)), ifi =0
a; = 1 )

n (DFT () - ifi # 0

 DFT and inverse DFT can both be computed using the
FFT algorithm in O(nlogn) time.

* 2 polynomials of degr. < n can be multiplied in time O(nlogn).
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Faster Polynomial Multiplication
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at ®3,,, W3,,, ..., 5% ' using FFT in time O(nlogn)

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication in time O(n)

2n point-value pairs (w’fn,p(wlfn)q(wé‘n))

l Interpolation using FFT in time O(nlogn)

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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